Let F be a (topologically) finitely generated free pro-p-group, and ß an automorphism of F . If p ^ 2 and the order of ß is 2 , then there is some basis of F such that ß either fixes or inverts its elements. If p does not divide the order of ß , then the subgroup of F of all elements fixed by ß is (topologically) infinitely generated; however this is not always the case if p divides the order of ß .
describe nontrivial automorphisms of free pro-p-groups whose fixed subgroups have prescribed finite rank.
Notation
We follow the notation of [12] and [10] , where basic results about pro-pgroups can be found. Throughout the paper p denotes a prime number. A pro-p-group is a projective limit of finite p-groups, or equivalently a compact, totally-disconnected, HausdorfF topological group whose images under continuous homomorphisms into finite groups are p-groups. For a natural number n , the free pro-p-group F of rank n is the topological completion of the abstract free group A of rank n with respect to the group topology of A, whose fundamental system of neighborhoods of the identity element are those normal subgroups N of finite index in A, such that A/TV is a finite p-group. A prop-group G is finitely generated if it contains a dense subgroup that is finitely generated as an abstract group; otherwise we say that G is infinitely generated. For a finitely generated group G, d(G) denotes the smallest cardinality of a set of generators of G. The Frattini subgroup of a pro-p-group G is the intersection of its maximal open subgroups, and it is denoted by 0(t7) ; G/<S>{G) is a vector space over the field with p elements, and its dimension is precisely d(G) (cf. [6] ). All subgroups of a pro-p-group are assumed to be closed, unless otherwise stated; and all homomorphisms of pro-p-groups are assumed to be continuous. If G is a pro-p-group, and a an automorphism of G then the fixed subgroup FixG(a) of a in G consists of the subgroup {x e G\xa = x} . We denote by Z the additive group of the ring of p-adic integers. If A and B are pro-p-groups, A\\B denotes their free pro-p-product (cf., e.g. [2] ).
Involutions
In this section we study the automorphisms of order 2 of a free pro-p-group of finite rank, where p # 2 . We begin with an auxiliary result.
2.1. Lemma. Let p be a prime number and a € GL(n ,F) ss GL(F), where V is an n-dimensional vector space over the field F, and assume am = 1, where m is a natural number; if char(f ) = p > 0, we assume in addition that p\m. Then Ker(/ + Q +••■ + £/""') =Im(a-I).
Proof. Let Vx be the eigenspace of a belonging to 1. By Maschke's theorem there exists an a-subspace W of V with V = Vx © W. Denote by a, and ß the restrictions of a to Vx and W, respectively. Then a = a, ® ß . So 
be an exact sequence of pro-p-groups, where V is a finitely generated elementary Abelian p-group. Assume a is an automorphism of G such that Va = V, and suppose that a = I. Denote by à the automorphism of Q induced by a, and suppose that qa = q~ for some q e Q. Then, there exists some g £ G with gV = q and ga = g~l.
Proof. Choose any x e G such xV = q. Then xa = vx~l for some v e V.
Then x = Xa = vax~a = vnxv~> , so that v = vax , i.e. «eKer(/-ax). On the other hand, (ax)2 = axax = xax = vx~lx = v , so that for every u e V one has u = u = u , i.e. (ax) is the identity when restricted to V . Now, we are looking for w G V such that (wx)a = (wx)~l , i.e. x~lw~l -waxa = wavx~ , and therefore, in additive notation, wa + wx = -v . Set w} = wa to get w1+w"x = -v . Therefore to prove the existence of w , it suffices to show that Ker(/ -ax) < Im(7 + ax) in V . This follows from Lemma 2.1. O 2.3. Theorem. Let G be a finitely generated pro-p-group, with p / 2, and let a be an automorphism of G of order 2. Then there is a set of generators {*,, ... ,xt,y{, ... ,ys} of G such that x" = xt and y" = y~[ (i = 1, ... ,t;j -\, ... ,s). The number t + s may be chosen so that the minimal number of generators d(G) of G is precisely t + s.
Proof. Let C71 = O(G) = <t>'(G) be the Frattini subgroup of G, and set C7r+1 = <I>r+ (G) = 0(<J>r(C7)). For each r -1,2, ... , consider the natural short exact sequence of finite p-groups 0 Í-. Gn/G"+l -♦ G/G"+l -* G/G" -* 0.
Since G/G is a vector space over F (the field with p elements), there are elements x,(l), ... ,x:(l), yx(\), ... ,ys{l) in G suchthat t+s = dim(G/G,) = d(G), and for each i and j one has x;(l)a = x¡(l) and yÁ\)n = yÂ\)1 2 modulo G (this is clear since ä = I and 2 ^ p , where a denotes the automorphism of G/G induced by a ). Therefore, by Satz 18.6, p. 131, in [8] and an induction argument applied to the above exact sequences, we deduce that for ■ + ßm~l). Therefore, 0K|©Ker(/T -Iw) each n there exist elements *,(«), ... ,xt(n) of G suchthat x¡(n + 1) = x¡{n) modulo G" , and x^n)" = x¡(n) modulo G", and x;(«)a = x¡(n) modulo Gn (i -1, ... ,t; n = 0,1,...).
On the other hand from Lemma 2.2
and an induction process, we get elements yx(n), ... ,ys(n) of G such that y.(n + 1) = y An) modulo Gn , and >>■(«)" = y}{n)~ modulo G" (j = \, ... ,s; «=1,2,...). Note that x¡(n) and y An) are congruent to x. ( 1 ) and yÂ\), respectively, modulo G1, and therefore xl («),... ,xt(n),y{(n), ... ,ys(n) generate G for each « = 1,2,.... Put x¡ = (x;(l),x( (2) Proof. We think of Aut(G) as a profinite group, Aut(G) = lim Aut(G/Or(G)).
Let ß e Ker(7r) and suppose that p does not divide the order (in the profinite sense; cf. [11] or [10] ) of < ß > . If x{, ... ,xn is a set of generators for G, it follows from Lemma 1.3 in [5] that ßix^/) = x¡k¡, for some ki € O(G) (/ = 1, ... , n) ; and since x]kl, ... ,xnkn is also a set of generators for G, one gets that ß is the identity. It follows that Ker(;r) is a pro-p-group. D 2.5. Corollary. Let F be a free pro-p-group of rank«. Consider the natural epimorphism n: Aut(F) -► Aut(F/0(F)) « GL(«,p), <S>(F) being the Frattini subgroup of F. Then, (i) every element y of Aut(F/<3>(F)) of order q, with p\q, can be lifted to an automorphism a of order q of F ; and (ii) if p ^ 2, it defines a 1-1 correspondence between the conjugacy classes of involutions of Aut(F) and the conjugacy classes of involutions of GL(« ,p).
Proof, (i) Let y 6 Aut(F) be such that n(y) = y . The order of the procyclic group < y > is then divisible by q. Then < y > contains an element a of order q . It follows then from Lemma 2.4 that n(a) = y .
(ii) Let a and ß be conjugate involutions in Aut(F), then obviously n(a) and n(ß) are conjugate in GL(«,p), and by Lemma 2.4 n(a) and n(ß) are also of order 2, since p / 2. Conversely, suppose a and ß are involutions in Aut(F), and n(a) and n(ß) are conjugate in GL(«,p). Say S~ln{a)S = n(ß), where S e GL(«,p). Let Ô € Aut(F) be such that n(ô) = S . Then, 7r(r5-1a:r5) = n(ß). Put y = ô~ aâ . By Theorem 2. Proof. This follows from Lemma 2.4, and the following facts: |GL(«,p)| = (Pn -!)(/>" -P)---(P" -P"~l) (cf. [8] , Hilfssatz 6.2, p. 178), and
is an epimorphism. D
Fixed subgroups
In this section we study the subgroup of fixed elements of a free pro-p-group under certain automorphisms. If A is an abstract free group of finite rank, and ß is an automorphism of A, then the subgroup of those elements of A fixed by ß has finite rank (cf. [4] , Theorem 9.8). In Theorem 3.2 we show that for certain types of automorphisms of free pro-p-groups, their fixed subgroups are infinitely generated (see §1 for a precise definition of finite generation).
3.1. Lemma. Let F be a free pro-p-group of rank « . Suppose a,ßeAut(F) are both of order m, p\m, and assume that the induced automorphisms ä, ß e Aut(F/0(F)) are conjugate in Aut(F /<$(F)), where 0(F) is the Frattini subgroup of F. Then a, ß are conjugate in Aut(F).
Proof. Note first that a and ß are also of order m by Lemma 2.4. To prove the result we may assume that á -ß, since the natural homomorphism n: Aut(F) -► Aut(F/0(F)) is onto. Then ß = ya, where y G Ker(^) which is a pro-p-group by Lemma 2.4. Therefore (a,y) is a semidirect product (a,y) = (y ,ya , ... ,ya ) xi (a) of a pro-p-group and a cyclic group (a) of order m. It follows that (a) and (/?) = (ya) are Hall subgroups of order m of the prosolvable group (a, y), and therefore are conjugate (cf. [3] ).
Hence, there exists g G {y ,ya, ... ,ya ) such that (a)g = (ß). Thus, for some k = 1 ,... , m -1, we have a8 = ß ; and so ß -ä -ß .It follows that k = 1, i.e. ag = ß . D 3.2. Theorem. Let F be a free pro-p-group of finite rank« > 2. Let a g Aut(F) be of finite order m / 1, with p\m.
Then Fix^a) = {x g F|x" = x} is infinitely generated.
Before we prove this theorem, we need the following result.
3.3. Lemma. Let F be a free pro-p-group of finite rank«, and let a bean automorphism of F. Assume a has finite order m, and p\m.
Let GFixF(a), and suppose F = G\}T ( a free pro-p-product ), for some subgroup T of F . Then there exists an a-invariant subgroup S of F such that F -G ]J S.
Proof. Consider the F -vector space V = F/<t>(F) of dimension «, where 0(F) is the Frattini subgroup of F, and F is the field with p elements. Let a be the automorphism induced by a on V. Then V{ = GQ>(F)/<&(F) is an a-subspace of V. By Maschke's theorem there exists an a-subspace V2 of V such that V = V{ © V2. We may assume that FO(F)/0(F) = V2 (otherwise, let F be a subgroup of F such that rank(F) = dim(F2) = rank(F) and TQ(F)/Q(F) = V2 ; then F is generated by G and T ; so the epimorphism F = G\JT -► F =< G,T > that sends G to G identically and F to F isomorphically, must be an isomorphism by Proposition 7.6, Ch. I in [10] ; thus F = G\JT and so we may substitute F by T ). Define an automorphism ß of F so that ß be the identity on G and send F to F as follows: if x,, ... , x; is a basis for F, then /?(x;) = a(x¡)f¡ where ^ G 0(F) n F. It follows that ord(/?) = ord(a), and the automorphisms ä and ß induced by a and ß on F, coincide. Therefore, by Lemma 3.1 there exists an automorphism y of F Case I. Assume k -1 and m = q, a prime different from p. First note that G = Fi\F(a) t¿ 1, for otherwise the group (a) would act elementwise fixed point free on F ; therefore by Corollary 3.7 of [5] , F would be nilpotent, contradicting the fact that F is free pro-p of rank at least 2. Suppose that G = Fixf (a) were finitely generated. Then by Theorem 3.2 in [9] , there would exist an open subgroup U of F such that U = G]\T (free pro-p-product), where F is a certain subgroup of F . We may assume that U is a-invariant q-\ (for otherwise one can substitute U by V -UnUan-■ -nU ; note that by the Kurosh subgroup theorem, cf. [2] , the group G is still a free factor of the group V). By Lemma 3.3, we may assume that F is a-invariant. Assume first that T = 1 , then G is a proper open subgroup of F of index p', say. Let à denote the induced automorphism on the free Abelian pro-p-group F/F'. Note that a cannot be the identity automorphism, for otherwise one readily deduces from Lemma 1.3 in [5] that a is also the identity. Say x G F/F' with â(x) ^ x. Then, using additive notation, one has a(p'x) = p'x (since G = Fixf(a) has index p' in F ); so p'(a(x) -x) = 0, and hence a(x) = x, a contradiction. Therefore, we must have that F ^ 1. Consider now the Cartesian subgroup L of U = G TJ F (i.e. the subgroup of U generated by the set of commutators (k.'lll /i€Gi 1 /(£ F}). Then L is a-invariant, and FixL(a) / 1, again by Corollary 3.7 in [5] . But FixL(a) = in Fixf(a) = L n G = 1, a contradiction. Therefore G = Fixf(a) is infinitely generated when m = q is a prime number. is a subgroup of FixF(a ) of rank at least 2. Note that a induces on 0 an automorphism which is either the identity or of order q ; and thus Fix0(a ) (using again Case I if necessary) has rank at least 2; therefore, FixF(a ) has rank greater or equal to 2. Continuing this process we deduce that FixF(a) ± 1 (in fact it has rank at least 2), as desired. Hence, Fixf(a) is infinitely generated, if m involves one prime. Consider the subgroup H generated by Fix/r(a) and the elements f,fa, ... ,fa'* . Note that aq'+{ leaves / fixed, and therefore, a induces an automorphism on H of order dividing hr+l and which is not the identity. From FixF(a) > Fix^a) > FixH(a), we deduce FixF(a) = FixH(a). Then Fixf(a) must be infinitely generated, for suppose that Fixf(a) were finitely generated; then H would be also finitely generated, and since hr+[ involves only one prime, we could apply to H the Case II considered above to get that Fixw(a) = Fixf (a) is infinitely generated, a contradiction. D
Automorphisms whose orders involve p
In this section we describe a method to construct nonidentity automorphisms a as free pro-p-groups of finite rank such that the fixed subgroup of a has prescribed finite rank. By Theorem 3.2, the order of a must involve the prime P-4.1. Lemma. Let ß be an automorphism of a finitely generated profinite group G, and let H be a finitely generated ß-invariant subgroup of G. Consider the profinite groups Aut(G) and Aut(H) of continuous automorphisms of G and H, respectively. Then the order of the restriction ß = ß,H, as an element of Aut(/i), divides the order of ß, as an element of Aut(G).
Proof. Note that the profinite structure of Aut(G) (respectively, of AuX(H)) is given by Aut(G) = limAut(G/Gn) (respectively, Aut(/7) = \imA\xt(H/Hn)), where for each natural number « , Gn (respectively, Hn ) is the intersection of the subgroups of G (respectively, of H ) of index at most n . The order of ß (in the profinite sense, see, e.g. [12] ) is the l.c.m. {ßn\n G N|}, where ßn is the image of ß in Aut(G/Gn). Observe that each ßn induces an automorphism ßn of H/Hn , which is precisely the image of ß in Aut(H/Hn). Since Aut(G/Gn) and A\x\(H/Hn) are finite, it follows that the order of ßn divides the order of ßn ; and therefore, the order of ß divides the order of ß . o 4.2. Lemma. Let G be a finitely generated profinite group, y an automorphism of G of finite order m, ß an automorphism of G of order (not necessarily finite) relatively prime to m. Assume that y and ß commute, and put a -ßy. Then FixG(a) = Fix^y) n FixG(/?).
Proof. Note first that am = ymßm . Let x G FixG(a). Then x = Xa" = xr .
So ß induces an automorphism ß of H -(x, x , ... , x ) < G, whose order divides m . On the other hand, by Lemma 4.1, the order of ß must be a divisor of order(/?).
Therefore, ß has order 1, i.e. x -x. It follows that xy = x = x ; and hence, x G FixG(y) n FixG(/?), i.e., FixG(a) < FixG(y) n F\xG(ß). The reverse containment is obvious. D 4.3. Theorem. Let p be a prime number, and let m>\ be an integer dividing p-1. Assume r > 1 and « > 0 are integers. Then there exist a free pro-p-group F and an automorphism a of F such that Fixf(a) has rank«, and the order of a is mpr.
Proof. Consider a free pro-p-group F of rankpf + «, that we write in the form F = GJJL, where G and L are free pro-p-groups of rankpr and «, respectively. Define the group m -(x)]J(LxC) to be the free pro-p-product of the groups (x) « Z and LxC, where C = (y) is a finite cyclic group of order pr. Let K be the normal closure of x and L in M ; then K -(xy , L\i = 0, ... , pr -1 ). On the other hand, consider the semidirect product F xi C, where y acts on F as the automorphism ß that sends L to L identically and sends G to G by xf = x , with j' = i + 1 modulo pr, where {x-\i = 1, ... ,pr -1} is a basis for G. Define a homomorphism <p: M -> F xi C by tp(x) = x, , q>(y) = y and q> sends L to L identically. Clearly <p(K) -F ; then since F is free pro-p and K can be generated by rank(F) elements, the restriction of <p to K is an isomorphism of K onto F, and so M -(x) \J(L x C) = K xi C «s F » C. We claim that Fixf(/?) = L. To see this we think of /? as being the automorphism of K « F induced by the inner automorphism of M determined by y. Now, ky = k if and only if k G L x C (cf. 
